Annals of Economic and Social Measurement, Volume 5, number 1 by Vittorio Corbo
This PDF is a selection from an out-of-print volume from the National Bureau of 
Economic Research





Chapter Title: SHFRQG-OUGHU ASSUR[LPDWLRQV IRU EVWLPDWLQJ PURGXFWLRQ FXQFWLRQV
Chapter Author: Vittorio Corbo
Chapter URL: http://www.nber.org/chapters/c10428
Chapter pages in book: (p. 65 - 73).4 mints ofeoonqj,,d .Sitj0j Mn,sur',,,g5/II 9](i
SECONDORE)F RAIPROX1MATIONS FORES11MATING PRODU('-
TION FUNCrnONS
ItY VICtOR Jo (')n.J)*
This pci pershows that the (FSuul VESprothtcot,n [tittcbons/10cc the sante st'to,,tJ orderappeorinu,tiopj Frtherinorp It Is s/lawn i/tatin most cases tile second orderapproxufli:tirn: is better for the VIS that: the ES. Therefore secomid orderapprinh1:t),15 should iwi be usedto itiake inferences :t'iii:respes Ito parameters of a ('ES function wt/:uut
strong tmidept'mlenr evidi',:ce tutu the"trlw ' production model is mt/eec! CES.
INlROflU( lION
In the estimation ofproduction functions the usualhypothesis is that the function is one of a restricted classwhich satisfiesSome a priori restrictions in technology
The production fuctionsmost frequently used are theCobbDouglas CES and yES, in that order. If relevantdata on factor inputs andoutput are available,
these data can be used, inprinciple, to identify the relevantproduction function, using quality of fitas a criterion.
The CES and VES productionfunctions are 0011-linear in theparameters; therefore, direct estimationof these functions requireslion-linear estimation
procedures. To avoid complicationsarising from a non-linearestimation proce- dure' Kmenta(1967a)proposed to approximate the CESfunction with a Taylor-
series expansion. Since then,this procedure has been xvidelyused (e.g.. Griliches
(1967), Zarembka (1970),Griljches and Ringstad (1971)).
0. S. Maddala and J. H.Kadane (I 967) have shown,using Monte Carlo
techniques, that for samples builtusing a CES production function.Kmenta's procedure does not give reliableestimates of the elasticity ofsubstitution, although it gives reliable estimatesof the returns to scaleparameter. Further, in the Kmenta approxjmatiotto the CES, only the scaleparameter is free of units of
measurement in the output and factor inputs.
Further, in a direct iion-linearestimation, only scale andsubstitution parameters are free of units ofmeasurement in he output and factor inputs.
Griliches (1967) and Grilichesand Ringstad (1 971) have alsoused Kmenta's
approximation, not to estimate theCES production function,but to test for
departures from the CobbDouglasfunction. The power of sucha test depends on the particular alternativehypothesis being used; in the strictsense, Griliches is testing the null hypothesis thatthe production function isCobb--Douglas against
* I would liketo thank Professors Marcel Dagenais. FranklinFisher. and Robert S Pindyck for their remarks which helped considerablyto Improve the presentation of thispaper I am also grateIul to Dr. Mohan Munasinghe. ResearchAssociate at the International Instituteof Quantitative Economics (flOE.) who conimentedupon this paper and improved its style. Thisresearch was financed in part by a grant from the QuebecDepartment of Education and by theI JOE
Direct use of non-linear estimationprocedures have led to problems suchas slow Convergence obtaining of a local maximum but withoutinformation about the presence of othermaxima, important caiicellat ion errors in the computationof derivates, use of substagitialamounts of computer time. etc. On this seeS. M. (Ioldfield and R.E. Quandt (1972. 26-27).
65the alternative hypothesis that theproduciioii fanction itself is of the Kriienta
form. However, this type of hypothesis isnot of COiflif1011 interest. Usually, we
wish to choose specifically between aCobb-1)ouglas and a CES production
function, and this objective is not aCCOIflj)liShCdI)y the (iuilichesroceJ
More generally, the purpose of this paper is toshow that when we wish touse
the data to test the hypothesis that the productionfunction is a CES by Using
Kmcnta's approximation (as a matter of fact, only the scale parameter is free of
the units of measurements), then the problem becomes more fundamental
Another well-known production function--the variable elasticity of substitution
(yES), of which the CES is a special case, first used by G. H. Hildebrand and 1. C.
Liu (1965) and developed by M. Bruno (see also Y. Lu and L. B. Fletcher (1968),
R. Sato and R. Hoffman (1968), Lovell I I 973))has the same form as Krnenta's
approximation of the CES function when second-order approximation of it is
developed.
Further, for a person willing to test the null hypothesis that the production
function is CES using Kmenta's approximation, the crucial point has been
summarised by Kmenta (1967h. p. 193): "An incvitahle implication of using a
function f' as an approximation to another function fis that fis also an
approximation to functions other than 12. This is obvious and hardly relevant;
what is relevant is how well f approximates f2 within some range of practical
importance." But Kmenta's approximation to the VES also meets the above
requirement. It is shown here that almost always, Knienta's approximation is a
better approximation to a VES than to a CES production function.
Therefore, Kmenta's approximation should not he used to make inferences
with respect to parameters of a CES function, without strong independent
evidence that the "true" production model is indeed a CES. Although in most
studies the data is used to identify the type of production function, in this case
Kmenta's approximation cannot be used for this purpose. As a matter of fact, it
cannot he used to make inferences with respect to parameters of a VES function
either, because in that case all the parameters are under-identified.
The organization of the rest of this paper is as follows. In Section 1, the
second-order approximations to the CES and YES production functions are
examined. Next, in Section 2 the "goodness" of the approximation is studied. In
the Appendix a derivation of the error behaviour in the approximation is
presented.
I. IHE CES AND VES FUNCTIONSAN1) Tmirii SIcoNv-OIu)IR APF'ROXIMA-
TIONS
The CES production function allowing fornon-constant returns to scale is
given by:
(1)V- y[K'+(I -)L'] with Op < 1,p >1,'Y>O'">
where.
V = Output
L = Input of labor services











Kmcnta approximated it witha Taylor series expansion of thefirst- and second- order termsaround p0 toobtain;
(1')In V=lny+i/lnK+v(1_6)hlL_.svp8(f-6)(lnK--lnL)2
Nerlove (1967)presents a VES function withconstant returns to scale which he attrhutes to Bruno.The same type of functionhas been presented recentlyalso by Lu and Fletcher (1968).The Nerlovenomenclature is followed here.
1'he Bruno production functionallowing fornon-constant returns to scale can be written as:
(2) V -'{6K' -1- (1- 6)K'"L'" with v >0
V= K"y{6+(l -8)k"}".where k=K/L >0.
To have a real valued functionwith positive output the followingrestrictions are imposed:
y>0and 6 + (1 -6)k" ">0.
For any positive u, a positivemarginal product of labor requires:
(1 -,n)(1 -
8 +(l - 6)k'">0,
and a positive marginal productof capital requires:2
n)
>0
Strict quasi-concavity of theproduction function requires:
p6(I --in) + 6 +nt( I- ö)k'° "()
(This condition and the positivemarginal product conditions implythat the
elasticity of substitution is greater thanZero.)
Function (2) is homogeneous ofdegree v and has a variable elasticityof
substitution given by:
where aK is the partial elasticity ofoutput with respect to capital.





p8(l -in)+8 +m(I -6)k"°">()
2
Within a range ofKandLthis function has diminishingmarginal returnsto each factor. This range dependson i,,p. andrn.
67LiLet tiimpoSe the ad(litionil restrictions:
O<<l
l+p>O
Inequalities (iii) and (vi) imply I - in >0. If a Taylor-series expansion of (2) is
taken around p = 0, and if only the first- andsecond-order terms are considered,
the following is obtained:
In V = In y + i'[iS + ,n( I - )] In K - z'(ni - I )( IS) In L
- - 1)2( I --!n K IL1
This equation is under-identified, its estimation is not of interest. Rather, the
important point is that (3) is of the same form as (1'), and therefore (1') cannot he
used to estimate the coefficients of a CES function, without further a priori
information that the CES is indeed the true mode!.
In general the error in approximating the VES function by (3) is given h':
In V.ppr - In = - v( 1 - in)( I -) In k
(1 m)2(I --6)[ln k12f_ In [6+(l )k°"fl]
p
2. MEASIJRINGTUE "GOODNESS"OFTIIE AI'pRoxIrl,vIioN
To study how well (3) approximates (2), numerical experiments were per-
formed for different values of the parameters. For the first case, let us employ the
same parameter values as Kmenta (ii 0.9 and= 4/9), so that the results will be
comparable. However, there is an additional l)ararncteI, in, for which values are
needed. It is already known (Section 1) that in < 1. In order to obtain a more
restricted range of values for this parameter, the Hildebrand and Liu estimates
(presented by Nerlove, (1967)) can he used; these estimates are presented in
Table I. These estimates must be used cautiously because they were derived for
the constant-returns-to-scale case. In any event, only thosecases within the
neighbourhood of constant returns are of interest.
Table I shows that in 13 of I 7 cases in is a number less than one in absolute
value and, in 10 of the 13. in lies betweenzero and one. Thus, in the experiments
the following values were used for in:- 1 .00, 0.80, 0.60. --0.40, 0.20, 0,0.20,
0.40, 0.60, 0.80, 1 .00.
When in = 0, (2) reduces to (1)so that the results arc equal to those obtained
by Kmenta. When ,= l. (2) reduces to a Leontief production function, and
therefore the approximation in (3) becomesan exact one. The ratio of V, to
was calculated for the same range of values ofp and k used by Knienta. The
numerical experiments indicate that for themost common empirical case Of
0< in < 1 (10 out of 17 industriesin the Hildebrand and Liu estimates), (3) '5
3These constraintsare consistent with the assumption that the associated (ES production
function also should he a positive realvalued function with positive marginal product of the [actors anti
he strictly quasi-concilve (i.e by substitutingflt) in (iii). (iv) and (vi).
68almost a better approximation of(2)than of(I)(case m= 0).Further, in over98
percent of the cases considered, the approximation improvesmonotonically as in
increases from zero to one.
Table 2 presents the value of Vpt,pr/ for the pair of values (4/9, 0.90) for
the parametersand i' respectively and for several values of thelabor-capital
ratio and parameters p and in.
For experiments performed with the pairs of values(0.44, I. 10), (0.56, 0.90),







Control values are: in = -- I(1(1,= ((.4.1. j' = 1)9(1
p (I. II) ((.5(1 1.0(1 2.1(1) 5.1)11 1(1.0(1


































IOU 0.3548 0.9763 1.0000 0.9945 (1.7963 (1.46 IL)
inn 10.00 0.1(000 ((.1952 1.000(1 0.2 I 95 1)0000 0.0000
iid '
'These results are available from the author upon rcques.
VAt.titoi.t-IIF I'
l'AHlj: I
up ir P.FN! l:it:i n
Industry 'H
Food and kindred products
Textile mill products I(.752
Apparel and related produos
Lumber and wood products
Furniture and (Ixtures
Pulp, paper, and products
Chemicals and products
Petroleum and coal products
Rubber products
Leather and leather goods



















Instruments and relaied products
26.75(1
(1.544
Source: Nerlove (1967, p. 75).FABLF 2 (Continued)
Lahor.Cap:tal Ratios





0.50 1.00 2.00 5.01) 10.00
p 0.10
zl 09(i I).i - Control values arc: iii = --0.80.-
1.7307 1.0029 1.0001) 1.0169 1.3019 2.1565
-0.50 1.0818 ()9994 1.00(R) 1.0032 1.0570
I 01)13
11993
-0 10 0.9984 0.9999 1.1)000 1.0001 1.0042
0.11) 0.9958 0.9999 1.0000 1.0001 1.0007 1.0016
0.20 0.9792 0.9996 1.0000 1.0002 1.0014 1.0009
0.50 0.8338 0.9968 1.0000 1.001)6 0.9861 0.9244
1.00 0.4637 0.9834 1.0000 0.9971 0.8574 0.5778
10.00 0.0000 0.2771 I .0001) 0.3077 0.0004 0.0000
Control values are: In = -0.0,= 0.44, v = 0.90
-1(X) 1.4449 1.0013 1.0000 1.0113 1.2003 1.7255
-0.50 1.0474 0.9995 1.0000 1.0022 1.0381) 1.1315
-0.10 0.9988 1.001)0 1.0000 1.0001 1.0009 1.0028
0.10 09972 0.9999 1.000() 1.0001) 1.0005 1.0012
(1.21) 0.9859 0.9991 1.0000 1.0002 1.0012 1.0015
0.50 0.8838 0.9978 1.0001) 1.0005 0.9929 0.9547
1.0(3 0.5795 0.9888 1.0000 0.9987 0.9073 0.6921
10.00 0.0000 0.3769 1.0000 0.4127 0.0021 0.01)00
-1.00 1.2573 1.0003 1.00(K) 1.0072
-0.50 1.0247 (1.9996 1.0000 1.0014
-0.11) 0.9991 1.0000 1.0000 1.01)00
0.10 0.9982 1.11001) 1.000)) 1.0000
0.20 0.9910 0.9998 1.0000 1.0001
(1.50 0.9237 0.9986 1.0001) 1.0004
1.00 0.6935 0.9928 1.0(1(X) 0.9997
10.00 0.0000 0.4911 1.01)00 0.5304
Conirol values are: 'n = -0.20. ô = 0.44. v = 0.90
-1.1)0 1.1369 0.9998 1.0000 1.0043
-0.50 1.0108 0.9997 1.0001) 1.(K)08
-0.10 0.9994 1.0000 1.0000 1.0000
0.10 0.9989 1.0(100 1.0000 1.0000
0.20 0.9946 0.9999 1.0000 1.0001
0.50 0.9538 0.9992 1.0000 1.0003
1.00 0.7963 0.9957 1.0000 1.0002
















'flu' lSrha,i,o, of 11w !'rror o/Approxjmaijo,i
id us writc:
1(m)In ' In V,,,In
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I' 0.11) (1.50 1.1)1)
I 'nIr,4 viiIiit.lIv: it,- 0(H), A -)I..I-(,,' -- I) 'fl)
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I ,0(HI() I .1)01)0 I .IHNH .INI)) I I(11)11-I (('>0/0
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I.IHM)O 1,1)1))) I.()IHH l,Ui,)7 1,00(12
0,1(1
O,o'>oo 1.000)) 1.1MM)? I .0O,le, 1.111:') 4)09'0) 1)0(N) I(111(1(1 I (>00)) I (MMII 1.0003
(1.1(1 O.0')07
11,Jl)
1.0(K))) 1.0001) I 090(1 1,001)1 I .INI))? i),'$fll()
0. 5))
1.0(1(N) 1.000(1 11)000 10001 I (NHI(, ().0Hu ((.00011 1.1)011(1 1(N)))) I (MMMI I) 00911
I .INI (194(11
10,01)
>),')'?$' I .11(N))) 1 (NH).) ()I)t)(15 ((17 7) (1.1)457
'0)111(11 vlt 't,: n,-'- 0,4(1,














I.(1OIflI I1NHO 1.0014 I .IN)4o 999tJ,; 1.1)00(1 I (MMII) I 01kM) I (MMII) ) (NM))
I), II) (1,991,'')
(1.2(1
1.111)0(1 I .01)111) 1,041(X) 1.000(1 1.011(11 l).')4
(ISo
1.0000 1.1)000 1,00(11) 1.11(1(41 I .11(111,1
(1,9'S4 ((.000') I (1(1(N) 1(1(1(I) I .1)004 I 00O(
I .INi Il,')7e,(,
I 1)11(1
)).'I09(, I .(M100 I IMNI) 11,1)007 0,99.)(, I), I ')77 (I,')23,) I .11(1(1(1 )),')4(i0 01.5,141, (1 1225Li We arc interested in studyingthe behavior of the absolute value of H(pn)
where 11(m) is defined as:
V
but we can rewrite 1-1(m) as:
= el(m_ i
Now 1-1(m) is a strictly increasingmonotonic function of E(m). Further:
E(rn)>OH(Pfl)>()
E(m)<OH(m)<O











E(,n) = v( I - tn)(1 --) In k I - m)2( I - 6)[lnk]2
1-v/pln[+(l )k"1
From here we obtain:





3mô +( 1 )k-m){(i- k1m))In [+( I - )k''] lii k
+(In k)2[(1in)(1 - )+( 1 -- ,n)(1 )k"
m)
-- m)[ +( I -)k1OmI '(+(l-
+(Ink)3[6(1 ---)(1 - in)2 +(1)(I,n)2km
)(1 - m)2(S +(1 _6)k0')]
+(In k)4[--S(l )(1m)3(6i-(I _)k')J}
72This expression can beused to obtain theranges of & p. in and k for which
0; i.e., where theerror E(pn) decrease-s in absolutevalue as tn
increases, particularly whenwe move away from thecase in = 0 (CES) to the region in >0 (the mostcommon type of VES productionfunction obtained in empirical studies).
urn
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